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Let X be a finite-dimensional Banach space. The following affirmations are
equivalent:
1. X is a Hilbert space.
2. Every extreme operator in X is an isometry.
 .3. The unit ball of L X , the space of linear and continuous operators in
X, is the convex hull of its isometries.
 .4. The unit ball of L X is the closed convex hull of its isometries. Q 1998
Academic Press
Throughout this note X will be a Banach space, X* will be its dual, and
 .L X will denote the space of linear and continuous operators in X.
Moreover, B , S , and E will stand for the unit ball of X, the unitX X X
sphere of X, and the set of extreme points of B , respectively. The groupX
of surjective linear isometries on X will be denoted by G . The elementsX
of E are called extreme operators in X. In general, G is contained inL X . X
E .L X .
We recall that the norm of X is said to be transitive if, for every x, y in
X, there is T in G such that Tx s y.X
It is known that every finite-dimensional Banach space with transitive
 w x.norm is, in fact, a Hilbert space see, e.g., 1, 4 .
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NOTE 365
If X is a finite-dimensional Hilbert space, every extreme operator in X
 .  w x.is a surjective isometry see 2, 3, 5 . It is natural to ask about the
w xexistence of other Banach spaces satisfying this property. N. M. Roy 5
showed a nonisometric extreme operator T in R2. In this note we observe
that if every extreme operator in a finite-dimensional Banach space X is
an isometry, then X is necessarily an inner product space.
THEOREM. Let X be a finite-dimensional Banach space. The following
assertions are equi¨ alent:
1. X is a Hilbert space.
2. E s G .L X . X
 .3. B s co G .L X . X
 .4. B s co G .L X . X
Proof. 1 « 2: However, as we have already said, this is a known fact.
 .2 « 3: Because L X has finite dimension, it follows that
B s co E s co G . . .L X . L X . X
3 « 1: It is sufficient to prove that the norm of X is transitive. Let
x , y be in S and consider e g E . Let f be in X* such that0 0 X X
5 5  .  .  .f s f x s 1 and define T : X ª X by T x s f x e. Then T belongs0
w xto B and, by hypothesis, there are l , . . . , l in 0, 1 and T , . . . , T inL X . 1 n 1 n
G such thatX
T s l T q ??? ql T .1 1 n n
 .  .  .  .So e s T x s l T x q ??? ql T x and hence e s T x for every0 1 1 0 n n 0 i 0
 4  .i g 1, . . . , n . It follows that T for example is an isometry satisfying1
 .  .T x s e. Similarly, there is S g G with S y s e. Finally, it is obvious1 0 X 0
y1  y1 . .that S T g G and S T x s y .1 X 1 0 0
3 m 4: This is clear because G is compact.X
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